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0. INTRODUCTION
Let k be a number field. Caporaso et al. [CHM] proved the surprising
result that Lang’s Conjecture implies that the number of rational points on
a curve of genus g > 1 defined over k is bounded, where the bound depends
only on g and k. Their result was extended by Pacelli [P1] who showed
that the bound depends only on g and the degree of k/Q.
A natural question to then ask is whether the Lang–Vojta Conjecture,
the noncompact analogue of Lang’s Conjecture, implies a bound on the
number of integral points on an elliptic curve. The naive analogue,
however, is false: There exist elliptic curves over Z with arbitrarily many
integral points.
A related question was investigated by Abramovich [A]. Let S be a
finite set of places of k, and Ok, S the ring of S integers of k. Abramovich
defines a stably S-integral point on an elliptic curve E over k to be a k
rational point that is S-integral after semistable reduction. He then shows
that the Lang–Vojta Conjecture implies a bound on the number of stably
S-integral points on an elliptic curve, where the bound depends only on the
ring Ok, S. This result was also extended by Pacelli [P2], who showed that
the bound depends only on the degree of k and the set of primes in Q lying
below the set S.
In this paper, we fix a minimal elliptic surface E over P1 with section G,
all defined over k, and a Weierstrass equation for E, defined over Ok, S. We
consider the following question: Is the number of Ok, S integral points on
any fiber Ft over t ¥ k bounded, where the bound depends only on our
Weierstrass equation and Ok, S?
There are some obvious examples where the answer is no: Let E/P1 be
defined by the equation y2=x3+t. There are clearly t ¥ Z where the fiber
Ft has arbitrarily many integral points. We prove the following theorem:
Theorem 0.1. Assume the Lang–Vojta Conjecture. Let EQ P1 be a
minimal elliptic surface over P1 with section G and defined over a number
field k. Assume that either
(1) E is non-isotrivial; or
(2) E has Kodaira dimension 1.
Let S be a finite set of places of k, and Ok, S the ring of S-integers. Choose a
model E1/P
1
(Ok, S) of E0G, with G the 0-section. Then there exists a number
N=N(E1/P1, Ok, S) such that if t ¥ k and the fiber Ft is nonsingular, the
number of Ok, S integral points on Ft is less than N.
We also prove a weaker version of Theorem 0.1 in many of the cases
excluded by that theorem:
Theorem 0.2. Assume the Lang–Vojta Conjecture. Let EQ P1 be a
minimal elliptic surface over P1 with section G and F. the fiber at ., all
defined over a number field k. Assume that either
(1) E has Kodaira dimension 0; or
(2) E is rational, has no singular fibers of type IIg, IIIg, IVg, or Ig0 ,
and F. is smooth.
Let S be a finite set of places of k, and Ok, S the ring of S-integers. Choose a
model E1/P
1
(Ok, S) of E0(G 2 F.), with G the 0-section, and F. the fiber at
infinity. Then there exists a number N=N(E1/P1, Ok, S) such that if t ¥ Ok, S
and the fiber Ft is nonsingular, the number of Ok, S integral points on Ft is less
than N.
Remark. There are 13 possible configurations of singular fibers on an
isotrivial rational elliptic surface. See [Pe] for a complete list. Four of these
have only two singular fibers, at least one of which is of type IIg, IIIg,
IVg, or Ig0 , and in each of these cases it is easy to show that the number of
integral points on the fibers is unbounded. Of the remaining 9 cases, 4 have
a singular fiber of type IIg, IIIg, IVg, or Ig0 , so that Theorem 0.2 doesn’t
apply.
Remark. If the base curve has genus greater than 0, a bound on the
number of integral points is trivially and unconditionally true: Siegel’s
Theorem implies that the base curve has only finitely many integral points.
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The proof of Theorems 0.1 and 0.2 follows the general method pioneered
by Caporaso, Harris and Mazur and used by Abramovich and Pacelli. We
construct an appropriate fiber product of E and show that it is of
logarithmic general type. If the Lang–Vojta Conjecture is true the results in
[CHM, A] show that this implies the desired bound.
In Section 1 we state a lemma due to Abramovich that we will need as
well as the Lang–Vojta Conjecture. In Section 2 we prove Theorem 0.1 and
in Section 3 we prove Theorem 0.2.
1. BOUNDEDNESS OF INTEGRAL POINTS AND THE
LANG–VOJTA CONJECTURE
An elliptic variety is a complex projective variety with a morphism
EQ S whose fiber over a general point of S is a smooth elliptic curve. A
Weierstrass form of an elliptic variety with section is a variety E1 birational
to E that can locally be expressed as a hypersurface:
Y2=X3+aX+b.
Let EQ P1 be a smooth minimal elliptic surface defined over k, with
section G, and with minimal Weierstrass form E1 Q P1 defined over Ok, S.
Let P … E1 be a set of integral points on E1. For t ¥ P1, let Pt be the subset
of P contained in Ft the fiber of E1 over t. Let En be the nth fiber power of
E over P1 and Pn … En the nth fiber power of P over P1. Abramovich
proves the following lemma:
Lemma 1.1 ([A, Lemma 1], see also [CHM, Lemma 1.1]). Assume
that for some n there is a proper closed subset Gn … En such that Pn … Gn.
Then there is a dense open subset U … P1 and a number N such that for every
t ¥ U, we have #Pt <N.
Remark. Since the number of integral points on any smooth fiber of E1
is finite and every open subset U of P1 contains all but finitely many points
of P1, if the assumptions of Lemma 1.1 are true, then there is a number N
such that for any smooth fiber Ft, #Pt <N.
Before stating the Lang–Vojta Conjecture, we will need some definitions:
Definition 1.2. A line bundle L on a complete irreducible variety X is
big if for some positive integer m, L é m determines a birational morphism
from X to P(H0(X, L é m)).
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Definition 1.3. Let X be a quasi-projective variety, f: YQX a
resolution of singularities, Y … Y1 a projective compactification such that
D=Y1 0Y is a normal crossings divisor. Then X is of logarithmic general
type if wY1 (D) is big.
We can now state the Lang–Vojta Conjecture:
Lang–Vojta Conjecture [V, Proposition 4.1.2]. Let X be a quasi-
projective variety of logarithmic general type defined over Ok, S. Then any
set of Ok, S integral points of X is contained in a proper Zariski closed
subvariety of X.
2. PROOF OF THEOREM 0.1
To prove Theorem 0.1, we begin with the following proposition:
Proposition 2.1. Let p: E1 Q P1 be a minimal Weierstrass model of an
elliptic surface E with section G, and assume that either E is non-isotrivial or
E has Kodaira dimension 1. Let pn : En Q P1 be the nth fibered power of E1
over P1 and pn, i : En Q E1 the projection onto the ith factor. Define
Gn=; pgn, iG. Then there exists an n > 0 such that En 0Gn is of logarithmic
general type.
We will deal with each of the two cases separately:
Case (1). E is non-isotrivial. We need to replace E1 with the surface
obtained by blowing up the cuspidal points of the singular fibers of type II,
III, and IV so that the fibers of the resulting surface (which, by abuse of
notation, we also call E1) all have normal crossings. Then there exists a
finite base change p: BQ P1, such that the normalization of the pullback,
E −1 Q B has only reduced nodal fibers. Taking the Galois closure, we may
assume that BQ P1 is a Galois cover, with Galois group G=AutP1(B). We
may replace E1 with the quotient variety E
−
1/G since we blew up E1 away
from G. Note that GŒ=pg(G) is a section of E −1 Q B.
Let p −n : E
−
n Q B be the nth fiber power of E
−
1 over B, pn : E
−
n Q En the
quotient map. Let S −0 … B be the discriminant locus and S −n=p−1n S −0 the
locus of singular fibers of E −n. Let F
−
n be a smooth fiber of E
−
n/B and
G −n=p
g
n (Gn)=; p − gn, i(GŒ) where p −n, i : E −n Q E −1 is the projection onto the
ith factor.
Lemma 2.2. There is a desingularization fn : E˜
−
n Q E
−
n such that wE˜ −n 4
fgnwE −n (D) for some effective divisor D such that fn(D) … S
−
n and f
g
nG
−
n is a
reduced divisor of normal crossings.
Proof. This is Lemma 2 of [A]. L
200 LISA A. FASTENBERG
This means that the singularities of En are canonical and the singularities
of (E −n, G
−
n) are log canonical, so that to prove that E
−
n 0fgn (G −n) is of
logarithmic general type we need not pass to a resolution of singularities.
We begin with a lemma which is probably well known, but prove for lack
of a reference.
Lemma 2.3. Let f: XQ B be a surjective morphism of projective varieties.
Assume that L is a line bundle on B and M is a line bundle on X such that L
is big on B andMg is big on the generic fiber Xg. Then
(a) for k sufficiently large, fgLk éM is big on X.
(b) IfM is effective, then fgL éM is big on X.
Proof. The second statement is an immediate consequence of the first,
so we will only prove the first statement. Since M is big on Xg, there exists
A, an ample line bundle on X, such that for some r > 0, M rg=Ag(Eg)
where Eg is an effective divisor on Xg. In particular, M r=A(E−F) where
E and F are effective and F maps to a proper closed subset of B. Since L is
big on B, there exists k > 0 such that fg(L rk)(−F) is effective. Hence,
M r é fg(Lrk) is big on X and the result follows. L
Lemma 2.4. If n > 2 then E −n 0G −n is of logarithmic general type.
Proof. Since EŒ is non-isotrivial, the relative dualising sheaf, wE −1/B 4
OE −1 (mFŒ+D), for some m \ 1, where D is an effective divisor supported on
the fibers of EŒ. (See, for example, [M].) The relative dualising sheaf of
wE −n/B is therefore a subsheaf of OE −n (mnF
−
n), so that wE −n ı OE −n ((mn+
2g−2) F −n), where g is the genus of B. If n > 2, mn+2g−2 \ 1, and since
Fn is effective, to prove the lemma it suffices to show that the line bundle
OE −n (F
−
n+G
−
n) is big. Lemma 2.3 shows that on E
−
1, O(G
−
1+F
−
1) is big. Let
p −n : E
−
n Q E
−
n−1 be the projection onto the first n−1 factors. Then E
−
n is an
elliptic n-fold over E −n−1 with section p
− g
n, n(G
−
1). On E
−
2, we have that
O(G −2+F
−
2)=O(p
− g
2 (G
−
1+F
−
1)+p
− g
2, 2G
−
1) so again, by Lemma 2.3 O(G
−
2+F
−
2)
is big. Proceeding by induction, we see that on E −n, O(G
−
n+F
−
n)=
O(p − gn (G
−
n−1+Fn−1)+p
− g
n, nGn) is big. L
Lemma 2.5. There exists an integer n > 0 such that (E −n 0G −n)/G (with G
acting diagonally) is of logarithmic general type.
Proof. We proceed as in Lemma 5 of [A]. Let S be any divisor of E −1
that contains the locus of fixed points of elements of G, so that the fixed
points of G in E −n are contained in S
n
B, the fibered product of S with itself n
times. Since L=wE −1/B(G) is big, we have that for l sufficiently large
L(−(S+2F)/l) is also big. Letting n=l |G|, there are many sections of
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(wE −n (Gn))
m vanishing to order m |G| at the fixed points of En. This means
(see Lemma 2.1 of [CHM]) that there are many invariant sections vanishing
to order m |G|, so that by [A, Lemma 4], the result follows. L
The image of G −n/G under the projection E
−
n/GQ En is Gn, and since any
desingularization of E −n/G is a desingularization of En as well, there exists
an integer n > 0 such that En 0Gn is of logarithmic general type, proving the
proposition in the case where E is non-isotrivial.
Case (2). E is isotrivial and has Kodaira dimension 1. Let E1 be a
minimal Weierstrass model of E. The singularities of E1 are all canonical,
and E1 0G has log canonical singularities. Then wE1 4 O(mF), where F is a
fiber of E1 and m > 0 since E1 has Kodaira dimension 1. Hence
wE1 (G) 4 O(mF+G), which is big by Lemma 2.3. Therefore, E1 0G is of
logarithmic general type, completing the proof of Proposition 2.1. L
Proof of Theorem 0.1. Since En 0Gn is of logarithmic general type, the
Lang–Vojta conjecture implies that the any set of Ok, S integral points is
contained in a proper Zariski closed subvariety, Gn. By Lemma 1.1 and the
remark following it, there exists an integer N such that the number of
integral points on any smooth fiber, Ft of E is less than N. L
3. PROOF OF THEOREM 0.2
We will assume that E is isotrivial and non-trivial, since the non-iso-
trivial case follows from Theorem 0.1 and the theorem is obvious if E
is trivial. We begin with the case where E1 is the Weierstrass model of an
elliptic fibration on a K3 surface. If the fiber F. is singular, we need to
resolve the singularity and continue blowing up until its reduction F., red is
a normal crossings divisor. We continue to call the resulting surface and
fiber at infinity E1 and F.. Let F.=; aiCi where the Ci are the irreducible
components of F. and ai \ 1. Then wE1 4 O(D), where D is an effective
divisor supported on F., so that wE1 (G+; Ci) 4 O(G+; biCi), where
bi \ 1 and G+; Ci is a normal crossings divisor. By Lemma 2.3,
O(G+F.) is big. Since G+F.=G+; aiCi is effective, G+; Ci is also
big, E0(G 2 1 Ci) is of logarithmic general type.
Now let E be a rational elliptic surface satisfying the conditions of
Theorem 0.2, which we will assume is the minimal nonsingular model. Our
assumptions on E imply that the only singular fibers of E are of type II,
III or IV. Letting E2=E×P1 E, a local equation of E2 over a fiber of type
II is x31+y
2
1=x
3
2+y
2
2. Over a fiber of type III, a local equation for E2 is
given by x21y1+y
2
1=x
2
2y2+y
2
2 and over a fiber of type IV a local equation
is x1 y1(x1+y1)=x2 y2(x2+y2). Since these are all hypersurface singularities
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of degree less than 4, [R] shows that the singularities of E2 are canonical.
In particular, there is a desingularization f2 : E˜2 Q E2 such that wE˜2 4
fg2wE2 (D) for some effective divisor D. Since the singular locus of E2 meets
G2 transversally the centers of the blow ups can be taken to be transversal
to G2, so that f
g
2 (G2) is a reduced divisor of normal crossings. Finally, note
that our assumption that the fiber at infinity is nonsingular implies that the
divisor G+F. is a normal crossings divisor.
The canonical bundle of E is given by wE 4 O(−F), where F is a fiber of
E, and the canonical bundle of E2 is trivial. Let G2=p
g
1G+p
g
2G, where
p1, p2 are the projections onto the first and second factors respectively, and
let F2,. be the fiber of E2 at infinity. An argument similar to the one given
in the previous section shows that O(G2+F2,.) is big, and therefore that
E2 0(G2+F2,.) is of logarithmic general type. The proof of Theorem 0.2
proceeds in exactly the same way as the proof of Theorem 0.1.
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